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Abstract. We discuss a simple and experimentally realizable model for creation 
of enhanced Kerr nonlinearities accompanied by vanishing absorption. The model 
involves a l^-type atom subjected to a strong drive laser, a weak probe laser and 
coupled to a single-mode cavity field. Working in the bad-cavity limit, we find that 
the simultaneous coupling of the cavity field to both atomic transitions creates a 
coherence between the transitions and thus can lead to quantum interference effects. 
We investigate the influences of the cavity field frequency, the cavity field-atom 
coupling constants and the atomic decay constants on the linear and the third-order 
(Kerr) nonlinear susceptibilities. We predict giant Kerr nonlinearities with vanishing 
absorption and attribute this effect to the combination of the Purcell effect and the 
cavity-induced quantum interference. 



PACS numbers: 42.50.Gy, 42.65.-k 
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1. Introduction 

A great deal of attention has been focused recently on the creation of strong nonhnear 
effects in single coherently prepared multi- level atoms [U [2]. The motivation for this 
interest is to fabricate an atomic medium with giant nonlinear properties produced 
with relatively low light powers. A particular attention has been paid to the third- 
order Kerr-type nonlinearities which play an important role in nonlinear optics and 
have many fascinating applications in different areas of physics ranging from phase 
modulation [3], generation of optical solitons [1], optical switching [5] to optical 
communication and computing [6]. Important for practical applications is to achieve 
enhanced or giant Kerr nonlinearities in an atomic medium with significantly reduced 
or even completely cancelled absorption rate for the propagating light beam. Imamoglu 
et al. \I\ have proposed a scheme to produce giant Kerr nonlinearities together with 
reduced absorption, by using quantum interference effects related to electromagnetically 
induced transparency. In a four-level double-dark resonance system, Kerr nonlinearity 
can be enhanced several orders of magnitude accompanied by vanishing linear absorption 
under the condition of the effective interaction of double dark resonances [8]. A number 
of different atomic schemes have been suggested to achieve a large nonlinearity with 
vanishing absorption [9l|10]. More recently, Niu and Gong [11] and Yan et al. |T2] have 
shown that the Kerr nonlinearity can be enhanced with vanishing linear and nonlinear 
absorptions due to the spontaneously generated coherence [T3] . 

The major obstacle in experimental investigations of the nonlinear properties 
of multi-level atoms is the difficulty to find suitable systems to create quantum 
interference effects between atomic transitions responsible for the cancelation of the 
absorption of a propagating field. Most of the schemes proposed have assumed that 
the quantum interference occurs between two transitions with parallel or anti-parallel 
dipole moments. In atoms with quantum states close in energy the dipole moments 
are usually perpendicular. Therefore, several schemes have been suggested to engineer 
quantum interference effects in atoms with perpendicular dipole moments. Most of the 
schemes suggests to use single-mode optical cavities with preselected polarization in bad 
cavity limit [HI [151 [IS] • Bermel et al. [1^ have found that the Purcell effect [18] can 
substantially influence the Kerr nonlinearity. Brandao et al. [I9| proposed a method 
to produce self- and cross-Kerr photonic nonlinearities using light induced Stark shifts 
arising from the interaction of a cavity mode with atoms. In addition to the Purcell 
effect which is substantial in optical cavities, where spontaneous transitions occur only 
at selected frequencies, a cavity-induced quantum interference is expected to arise which 
is analog of the spontaneously generated interference [2Dj. Thus, a question arises, to 
what extent a combination of the Purcell effect and the cavity-induced interference 
effects will affect the susceptibility of driven V^-type three-level atom. The purpose of 
this paper is to address this question and discuss in detail the possibility of obtaining 
giant Kerr nonlinearities. 

We consider a three-level atom in the V configuration in which one of the two 
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dipole allowed transitions is driven by a strong laser field while the other is probed by 
a weak beam. The atomic transitions are simultaneously coupled to a tunable single- 
mode cavity. Our interest will be centered principally on the effect of the cavity on the 
third-order susceptibility and determine if the driven system possesses enhanced or giant 
nonlinearities accompanied by vanishing absorption. The paper is organized as follows. 
In Section [21 we introduce our model and outline the major steps in the derivation of the 
equations of motion for the density matrix elements. The iterative analytical solution 
for the coherences determining the susceptibility is presented in Section [3l The results 
are presented graphically and discussed in Section HI We show the influences of the 
cavity field frequency, the cavity field-atom coupling constants and the atomic decay 
constants on the real and imaginary parts of the linear and nonlinear susceptibilities. 
We summarize our results in Section [H 

2. Theoretical Model 

We consider a l^-type three-level atom composed of two excited states |1) and |2) 
coupled to a common ground state |0) by transition dipole moments /Tio and /i2o, 
respectively. The atom is located inside a single-mode cavity field of frequency Uc and 
polarization Cc, as shown in Fig. [H The polarization Cc is chosen such that the cavity 




Figure 1. Schematic diagram of the system. A three-level atom is located inside a 
single mode cavity strongly damped with a rate k. The atomic transition |0) ^ |2) is 
driven by a strong laser field of frequency lol and is probed by a weak laser field of a 
tunable frequency LOp coupled to the |0) ^ |1) transition. Each of the two laser fields 
couples only to one of the atomic dipole transitions, while the cavity field couples to 
both transitions. 

field is simultaneously coupled to both atomic transitions with the coupling strengths 
gi and g2, respectively. The atomic transition |2) |0) is driven by a strong laser field 
of frequency ujl, whereas the |1) |0) transition is probed by a weak tunable laser 
beam of frequency ujp. The cavity mode is damped at the rate k, whereas the atomic 
transitions are damped by spontaneous emission to the modes other than the cavity 
mode at the rates 71 and 72, respectively. In a frame rotating at the frequency cj^, 
the master equation of the density operator pt of the overall system (the atom and the 
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cavity field) is of tlie form 

Pj, = -i[Ha + Hc + Hi, pr] + Capx + -^cPt, (1) 

where 

Ha = AA22 - {UJ21 - A)Au + ^l{Ao2 + A20) 

+ ilpc'^^'Aoi + npC^'^^-'Aio (2) 
is the unperturbed Hamiltonian of the coherently driven and weakly probed atom, 

He = 6ca^a (3) 
is the Hamiltonian of the cavity field, 

Hi = giia^Aoi + Aioa) + ^2(0^02 + ^20^) (4) 
is the interaction Hamiltonian of the cavity field with the atomic transitions, and 

^aPT = 7i(2^oiPt^io - AuPt - Pt All) 

+ 72(2Ao2Pt-420 - -422PT " PT^22) 
+ 7i2(2yloiPT^20 - ^21PT - PT^2i) 
+ 7i2(2Ao2Pt^10 - ^12PT - PT-4i2), 

^cpT = K,{2apTa^ — a'^apx — pT(i^a) (5) 

are dissipative terms describing the damping of the atomic transitions by spontaneous 
emission and of the field by cavity decay. 

Here, a and are the annihilation and creation operators for the cavity field, 
Aik = \l){k\ {l,k = 0,1,2) are the atomic operators, 0021 =002 — 001 is the frequency 
difference between the atomic transitions, A = oo2—ool-, Ap = oOp—uoL and be = uOc—ool are 
the detunings of the atomic frequency UO2, the probe beam frequency oOp and the cavity 
frequency oOc from the driving laser frequency ool. The parameters, VLl = /i2o ■ Ei/h and 
= Pio ■ Ep/ h are the (real) Rabi frequencies of the driving laser field of amplitude El 
and of the probe beam of amplitude Ep. 

In writing the master equation ([1]), we have assumed that the atomic dipole 
moments are not orthogonal to each other, which results in the cross damping terms 
between the atomic transitions. These terms lead to quantum interference between 
the two transitions and are determined by the so-called cross damping parameter 
7i2 = v^7i72 cos6', where 9 is the angle between pio and /X2o- When the dipole 
moments are parallel {6 =0), the cross damping parameter is maximal with 712 = 
^7i72, whilst 712 = when the dipole moments are perpendicular [20]. Quantum 
interference has been studied intensively over years and has revealed new phenomena 
of both conceptual and practical importance. It has been shown that interference 
between atomic transitions induced by external fields or by spontaneously created 
atomic coherence can lead to novel phenomena such as electromagnetically induced 
transparency, lasing without inversion, enhanced index of refraction and also nonlinear 
processes such as enhanced the Kerr nonlinearities. However, most of the predicted 
quantum interference effects have so far eluded observation, as it is very unlikely to 
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find isolated atoms with two non-orthogonal dipole moments and states close in energy. 
Therefore, we propose an alternative scheme where one can engineer coherence between 
atomic transitions with perpendicular dipole moments by coupling the transitions to a 
single-mode cavity field. As we shall see, crucial for the creation of the coherence is to 
couple the cavity mode simultaneously to both of the atomic transitions. In practice, 
it can be easily achieved by setting a cavity-field polarization making, for example, an 
angle a with the direction of the atomic dipole moment /2io and that simultaneously 
forms the angle 90° — a with the dipole moment /i2o- 

The master equation ([1]) we have started with is written in the basis of the atomic 
states. Since the atomic transition |2) |0) is driven by a strong laser field, it 
prompts us to introduce dressed states which provide a good approach for studying 
the problem. The dressed states are eigenstates of the Hamiltonian Ha and are defined 
by the eigenvalue equation 

Ha\a) = \a\a), (6) 

whose the eigenvalues and corresponding eigenstates, in the limit of a weak probe 
beam <^ 7i, 72, are 

A+= +0^^^, |+) = s|0) + c|2), 

A_= -s^nn, |_) = s|2)-c|0), 

Ai = -(0.21-A), (7) 



where 



^2 _ 1 _^ A ^2 _ 1 A (8) 
2 2f2/j 2 2f2/j 



and Qr = a/A^ + 4f2| is the detuned Rabi frequency of the driving field. 

We now introduce the interaction between the dressed atom and the cavity field 
and work in the bad cavity limit fibi [2T| [22] , in which the cavity decay dominates over 
the coupling strengths gi, g2 and the atomic decay rates 71 and 72, i.e. 

> 5'i,fl'2 > 7i,72- (9) 

Such a feature implies that the cavity mode response to the standard vacuum reservoir 
is much faster than that produced by its interaction with the atom. In other words, the 
cavity field forms a finite bandwidth (Markovian) vacuum reservoir. 

Working in the bad cavity limit, we can adiabatically eliminate the cavity variables. 
This yields a master equation where the damping terms have a structure dependent 
on the difference between the cavity field and the dressed-atom transition frequencies. 
Details of the adiabatic approximation have been presented in ref. [I5]. Here, we will 
apply such approach to study the linear and nonlinear responses of the system to a weak 
probe field. 

From the cavity-modified master equation, the equation of motion for the atomic 
density matrix elements, written in the dressed state basis, are of the form 

p— = - R-+P— + R+-P++ + Ri-Pu + s (xip_ie'^*'* + xlpi-e~'^^^) 
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Pi+ 



where 



Xi 



+ iVtpC (pi_ - p_i) , 

- + i?i_)pn - s {x2~p-ie''^^' + xlPi^e-'"^-') 
+ iVLp [s (pi+ - p+i) - c (pi_ - p_i)] , 

- [r_ + i{u2i - A_ - Ap)] p_i - s (x4Pii + x;p__) e-*^''* 
+ iVtp [sp_+ + c(pii - p__)] , 

- [r; + i{uj2i - A+ + Ap)] pi+ - X2d''''p_+ 
+ ifip [s (pii - P++) + cp_+] , 

- (Fq + zfiij)p-+ - X3se~*^p*pi+ + ("SP-i + cpi+) , 



^^)7i2 + ^ (50 - Bl) 



K 



2:2 = 7i2 H [Bo + 5i) , 

K 

xs = (2cs + 1)712 + ^ (5* + 2^4 + 5; 

I 3192 . j5 , Q X 

= 7i2 H (^3 + B4) , 



3J , 



are the quantum interference terms, 



Ri- 



9l 



2c^ 72 + ^ \B 



9! 



2^^72 + ^15 



2c^ 71 + ^ \B 



C^K 



9! 



= 71 + ^ 15; 



are the cavity modified damping rates between the dressed states, 
To = 72(1 + 2c's') + ^ [s' (25o + 25* + 5i) + c^^a] 



K 



9t 



71 + - (i?3 + Bl) + 
r+ = 71 + - {Bl + 51) + 



72 + - (5o + 5l) 
K 



I ^2 D 

72 H B2 

K 



^2 92 R 



are the cavity modified damping rates of the coherence, with 



Bn 



B. 



C^K 



K + iSc 



Bl 



K + i{6c + 0021 - A_) ' 



Ba 



Bo 



K + i{Sc - ^r) 



K + i{6c + UJ21 - A+)' 



and 
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(10) 

(11) 

(12) 

(13) 
(14) 



(15) 



(16) 



(17) 



(1^ 



pi. = pi_e^^-*, p_i = p_ie-*^-*, 
Pi+ = Pi+e'^'\ P+i = P+ie-'^'\ 



(19) 



are the dressed atom coherence in a rotating frame oscillating with frequency Ap. 
Equations (fTOl) — [T4|) are valid for any value of the cavity detuning 5c, and the upper levels 
splitting comparable to half of the Rabi frequency, i.e. for uji2 — A+ ~ 7^. Physically, 
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the approximation of (^12 — A+ ~ 7^ corresponds to the case when the probe level |1) 
is degenerate or nearly degenerate with respect to the dressed state |— ). In this case, 
the resultant degeneracy gives rise to maximal quantum interference effects. Moreover, 
under this approximation, Bq and B^k, Bi. 

The parameters appearing in the equations of motion have simple physical 
interpretations. The parameters Xi are quantum interference terms. They contain 
contributions of both, spontaneously generated and cavity effects, which clearly 
illustrate an analogy between the cavity engineered and the spontaneously induced 
coherence [131 [151 [20] . Thus, the cavity with large decay rate strongly enhances quantum 
interference effects. 

The parameters Rij represent the transition rates between the dressed states of 
the system and Fj are the damping rates of the coherence. Note that the parameters 
are dependent on the Rabi frequency of the driving field and are resonant when the 
cavity frequency is tuned to 5c = 0, ±flR, X± — 0021- It means that spontaneous emission 
and quantum interference dominate at five frequencies. The sensitivity of the coefficients 
on 6c is known in the literature as the Purcell effect. Thus, in the system considered here, 
both the Purcell and the cavity-induced quantum interference effects play an important 
role in the dynamics and properties of the system. 

One can notice from (fTOj) — ( IT^ that the coefficients in the differential equations 
are dependent on time. In fact, there is no reference frame in which the coefficients 
would be time independent. It is clear that the time dependence of the coefficients is 
brought here by the interference terms. As the result of the time dependence, special 
mathematical techniques must be employed to solve the set of the equations of motion. 
In the next section, we will solve the set of equations for the steady state density matrix 
elements using the Floquet technique. 

3. Linear and nonlinear (Kerr) susceptibilities 

Our purpose of this paper is to demonstrate that the combined effect of the Purcell 
and the cavity-induced quantum interference phenomena can create giant linear and 
nonlinear susceptibilities in the three-level system. Note that the cavity- induced 
quantum interference effects are more flexible to the parameters than those induced by 
the spontaneously generated coherence. The latter depend solely on the angle between 
the dipole moments of the two atomic transitions. The former depend on the Rabi 
frequency of the driving field, damping rates of the atomic transitions, and the detunings 
of the fields from their resonances. This makes the cavity system more practical for 
creation of quantum interference effects than that induced by spontaneously created 
coherence. 

It is well known that the response of the atomic medium to the probe field 
is governed by its polarization P, which can be expressed in terms of the complex 
susceptibility x o^' related to the elements of the density matrix of the system as 

P = eo{EpX + E;x*) = 2Na{mPio + /^loPoi), (20) 
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where Na is the number density of the atoms, and pio = spi+ — cpi_ is the atomic 
coherence on the probed transition. The task then is to determine the atomic 
coherence pio, or equivalently pi+ and which could be found by solving the set 
of equations (fTOl) — (fT^ . In the stationary limit t — >^ cx), we may set all of the derivatives 
to zero and obtain a set of algebraic equations for the density matrix elements. However, 
the set of equations retains the time dependence through the factors exp(±iApt). 
Therefore, to solve the system of equations ffTOl) — f|T^ . we employ the Floquet method 
by expressing the density matrix elements as Fourier series in terms of amplitudes that 
oscillate at the probe detuning and its harmonics. As we are interested in the response 
of the system to a weak probe field, we also make an expansion of the density matrix 
elements in terms of the powers of the probe field. These two decompositions combined 
together are given by the relation p3] 



+00 +00 

P^^ = E E >^'^(P^^Tm e^"^^*, (21) 

r?i=0 n=— 00 

where the expansion in the powers of VLp is given in terms of a dimensionless parameter A 
that can take on values ranging continuously from zero (no perturbation) to one (the 
full perturbation). 

Since the atomic coherence on the probe transition oscillates as exp(iApt), the 
stationary properties of the first and third-order susceptibilities are determined by 
the harmonics (pio)r^ ^^^d (^10)3^, respectively. Therefore according to Eq. (10) the 
susceptibilities x''^^ ^ind x*"^^ can be expressed in terms of the first and third order 
coherence of the probe transition as 

^"' = " feller'' Hw.)r'-^(Pi-)r']. (22) 

- -(p.-)3-] . (23) 

The linear and nonlinear susceptibilities can be conveniently expressed in the form 



OAT \n I 

[Rex^''^ + W^^] , A: = 1,3, (24) 

(V3) h^e, 

where we have introduced the normalized real and imaginary parts of x^^^ that determine 
the index of refraction and the absorption coefficient, respectively. Evidently, the 
normalized parts of x^^"^ ^ire independent of the probe field strength Vtp. This allows 
the susceptibilities to be arbitrary large since the only approximation made here is 
an assumption of weak probe beam strengths. Note that Imx'^'^^ = implies lossless 
propagation of the probe field, Rex*^^^ 7^ implies linear refraction of the probe beam, 
and Rex'-^'' 7^ implies nonlinear intensity dependent (Kerr) refraction. 

Upon substitution of (1211) into (ITOl) — (IT^ and after comparing terms of the same 
powers in nAp, we obtain an infinite set of equations for the Fourier harmonics with time 
independent coefficients. Despite of the complexity, the system of the coupled equations 
is easily solved for the steady state by an iteration in terms of the powers of the probe 
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field amplitude. The analytical iterative solution for the (n, m) order harmonics of the 
coherence appearing in fl22l) and fl23l) are of the form 



^ (r^ + inAp) (r^ + mAp) - xax^ 

^ X2 {s[{puT^\ - (p++)r-i] + c(p-+)r-i} 
+ (rt + m Ap) (r* + mAp) - x^x*, ' ^ 

c[(Pii)r-i - (P-)r-i] + ^(P+-)"^^ 



/ \n -Q "LVf J-J-ym— i /m— iJ ' "Vf-i — 7m— 1 

_ S[xl{pii)l, + X2{p—)V\ 

— inAp 



(26) 



where the analytical solutions for the auxiliary harmonics are quite lengthy and are listed 
in the Appendix. It follows from the explicit solutions fl2^ and fl2^ that the magnitudes 
of the harmonics are proportional to fi™, which ensures that their magnitudes are small 
even if the normalized susceptibilities Rex*^'^'' and Imx*^*"'-* are large, since the probe 
beam strength is considered here to be weak, Qp <^ 71,72- This justifies the power 
expansion fl2T]) . 

While (125|) and ( l26i) constitute an analytical solution to the susceptibility of the 
atomic medium, their form is algebraically complicated and there is little to be gained 
from a detailed dissection of these results. Therefore, we will perform numerical analysis. 



4. Discussion of the results 



We now proceed to perform detailed analysis of the the linear and nonlinear 
susceptibilities by graphically displaying the real and imaginary parts of x^^^ and x^^^ 
for a wide range of the important parameters. We are particularly interested in the 
possibility of creation of giant Kerr nonlinearities accompanied by zero linear and 
nonlinear absorptions. In what follows, we assume for simplicity that the driving laser 
field is on resonance with the atomic transition |2) |0), i.e., A = 0. 

In Fig. [21 we illustrate the variation of the real and imaginary parts of x^^^ and 
the imaginary part of x^^^ with the probe field detuning to = cUp — toi from resonance 
with the transition |0) ^ We choose the Rabi frequency of the driving field such 
that Ql = ^21- In this particular case, the dressed state |— ) and the probe state |1) are 
degenerated in the energies, which is the maximal quantum interference configuration. 
All of the parameters are measured in units of the damping rate 7 through out these 
figures. Part (a) of the figure shows the susceptibihties for 5c = 0. This corresponds 
to the cavity field tuned to the central component of the dressed transitions. We see 
that the susceptibilities exhibit resonance structures in the vicinity of the frequency 
uo = 2OO7. As we have already mentioned, at this frequency the quantum interference 
is maximal. The nonlinear (Kerr) susceptibility is enhanced, but at the same time the 
linear and nonlinear absorptions are large. Even at the frequency where the nonlinear 
absorption, Imx^^^ vanishes, the linear absorption Imx*^^^ is large with the magnitude 
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Figure 2. The Kerr nonlinearity Rex*-'^-' (solid line), the linear Imx'-^'' (dotted line) and 
nonlinear Imx'^^-' (dashed-dotted line) absorption coefficients plotted as a function of 
the probe detuning 0^/7 = {ujp—uji)/^ for k = IOO7, 172 = 157, 5i = ^7, 71 = 72 = O.I7, 
a;2i = = 2OO7, and (a) 5c = 0, (b) 5c = 5O7, (c) 5c = 2OO7. 



comparable to the magnitude of the Kerr nonhnearity. This is not desirable for a 
practical application since the probe beam could be completely absorbed over a short 
distant of propagation inside the atomic medium. Therefore, we now proceed to check 
if one could achieve a large Kerr nonlinearity accompanied by vanishing linear and 
nonlinear absorption by varying parameters of the system. A close inspection of the 
analytical expressions (l25ll and (126!) shows that the absorption rate of the probe beam 
depends on the difference pu — p±^± between the populations of the lower and upper 
levels of the probe transition which, on the other hand, depends on the detuning 5c- 
Thus, we expect that the transparency of the propagation of the probe beam could be 
improved by applying the Purcell effect, i.e. by varying the detuning 5c to match the 
cavity frequency with the frequency of one of the Rabi sidebands of the driven transition. 

Parts (b) and (c) of the figure show how the susceptibilities are modified when the 
cavity detuning 5c is varied. There a few significant changes observed in the behavior 
of the susceptibility. Firstly, the Kerr nonlinearity becomes enhanced by few orders in 
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magnitude when the detuning 6c approaches the value 6^ = 2OO7, corresponding to the 
tuning of the cavity field to the Rabi sideband of the driven transition. Secondly, the 
Kerr nonlinearity varies rapidly with the probe frequency. However, the most important 
change in the behavior of the susceptibility is that at the frequency, indicated by a dot D, 
where the Kerr nonlinearity is maximal, the nonlinear absorption vanishes completely 
and the linear absorption is negligibly small. In other words, the system is transparent 
for the probe beam at the frequency where the Kerr nonlinearity is maximal. We may 
conclude that by tuning the cavity field to one of the Rabi sidebands, one can achieve 
a giant Kerr nonlinearity accompanied by vanishing absorption. 




Figure 3. (a) The Kerr nonlinearity Rex*^'^-' (solid line), the linear Imx'-^'' (dotted line) 
and nonlinear Imx^'^^ (dashed-dotted line) absorption coefRcients plotted as a function 
of the probe detuning aj/7 = (wp — oJi)/^ for the same parameters as in Fig. [2Kc) but 
UJ21 = 25O7. The bottom part (b) presents the ratios Rex'-^Vl^ix''^'' (solid lines) and 
Rex^'^-'/Ii^X^'^'' (dotted lines) plotted as a function of 01/7 — {ujp — wi)/7 for the same 
parameters as in Fig. [2l[c) but two different values of W12: u)2i — 2OO7 (thick solid and 
dotted lines) and LO21 — 25O7 (thin solid and dotted lines). 

We have seen that a combination of the maximal quantum interference and the 
Purcell effect is crucial for creation of a giant Kerr nonlinearity accompanied by 
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vanishing absorption. To illustrate the importance of maintaining the maximal quantum 
interference, we now slightly detune the dressed state |— ) from the probed atomic 
state so that the states become non-degenerate. It is well known, that quantum 
interference effects degrade when interfering energy states are non-degenerate. Let us see 
how this can affect the Kerr nonlinearity and the transparency of the atomic medium. 
In Fig. [3l we plot the imaginary parts of x^^^ ^"^^ x'''^^ ^"^^ the real part of x''^'* for the 
same parameters as in Fig. Et^c), but with UJ21 = 25O7. In this case, the state |— ) is 
detuned from the state |1) by 5O7, that is the cavity field is detuned from the dressed 
atom frequencies. It is easy to see from (fT8|) that the effect of detuning the cavity field 
from the dressed atom frequencies is to reduce the magnitude of quantum interference 
terms. Part (a) of the figure shows that the linear absorption is small at all frequencies, 
but within the region when the Kerr nonlinearity is enhanced, the nonlinear absorption 
is very large. Thus, the atomic medium becomes highly absorbing for the probe beam 
when the quantum interference effects are reduced. 

To illustrate further the effectiveness of the enhancement of the Kerr nonlinearity 
by quantum interference, we plot in part (b) of the figure the ratios Rex'-^V-'-^X^^'' 
and Rex'^^V-'-^X*^^^ ^01 the presence and the absence of quantum interference. We see 
that at the frequency u = 200.257 the ratios are maximal in the presence of quantum 
interference and vanish completely in the absence of quantum interference. Note that the 
maxima of the ratios occur at frequencies slightly shifted from the resonance u = 2OO7. 
This is because after adiabatically eliminating the cavity field operators in the bad cavity 
limit, the remaining cavity effects are not only to affect the atomic damping rates but 
also to induce a small energy shifts for the levels |±) and We may conclude that the 
enhanced Kerr nonlinearity with relatively vanishing linear and nonlinear absorptions 
is a signature of the cavity- induced quantum interference effects. 

We now proceed to check the importance of other parameters of the system such 
as the atomic decay rate 71 and the cavity field- atom coupling constant gi. Figure Hl^a) 
illustrates the susceptibility for the same parameters as in Fig. [2]^c), but 71 = O.OOI7. It 
is evident that at this small damping rate, the linear absorption is zero at all frequencies, 
while the nonlinear absorption vanishes at two frequencies, indicated by dots E and F. At 
these frequencies the Kerr nonlinearity is large. In particular, at the point F, the Kerr 
nonlinearity is about one order higher in magnitude than that observed in Fig. [2]^c) 
for gi = 57. Evidently, the Kerr nonlinearity can be enhanced and the linear and 
nonlinear absorptions kept zero by a proper choosing of the atomic decay rate on the 
probe transition. 

The dependence of the Kerr nonlinearity and the absorption coefficients on the 
coupling constant gi is illustrated in Fig. |4](b). We show the imaginary parts of the 
susceptibilities x^^^ ^^(^ X^^^ ^ind the real part of x^^^ a function of gi for the probe 
detuning cu = 200.1227 corresponding to the position of the maximum of Rex^^-*- It is 
interesting to note that the linear absorption rate is zero independent of gi, while the 
nonlinear absorption varies from positive to negative and vanishes at gi = 5.O7. This 
shows that one can varies the magnitudes of the Kerr nonlinearity and the absorption 
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Figure 4. (a) The Kerr nonlinearity Rex^'^^ (solid line), the linear Imx*-^-* (dotted line) 
and nonlinear Imx^'^-' (dashed-dotted line) absorption coefScients plotted as a function 
of the probe detuning w/7 = (wp — cji)/7 for the same parameters as in Fig. [2Kc) but 
a very small damping rate on the probe transition 71 = O.OOI7. The bottom part (b) 
presents the Kerr nonlinearity Rex^'^^ (solid line), the linear Imx^^^ (dotted line) and 
nonlinear Imx*-^-* (dashed-dotted line) absorption coefficients plotted as a function of 
the coupling constant 51/7 for the same parameters as in Fig. [2](c) but 71 = O.OOI7 
and w = 200.1227. 



coefficients by a proper setting of the coupling constant. 

We close this section by a brief analysis of the adiabatic approximation and the 
range of the parameters used in our analytical treatment of the nonlinear dynamics of 
the system. One could object that the values of the parameters selected for plotting the 
figures are not in the range to fulfill the bad cavity limit of k ^ (71,(72- In the ffist in- 
stance, we solve the master equation ([T]) numerically, using the quantum optics toolbox 
for Matlab [23], for the steady-state values of the zeroth harmonics of the populations 
and coherence of the dressed states that determine the susceptibihty of the system. We 
use the same values for the parameters as in Fig. [2](c), and the analytical and numerical 
results are listed in the table. It is evident that the discrepancies between the values of 
the density matrix elements obtained by the approximate solutions and corresponding 
exact numerical results are negligibly small. 
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pij 


Analytical solution 


Exact numerical solution 


pll 


0.2072 


0.2082 


P++ 


0.2409 


0.2375 


p— 


0.5520 


0.5543 


p-1 


-0.0086 -0.1749Z 


-0.0093-0.1755i 



In the second, we plot in Fig. O the Kerr nonlinearity together with the linear 
and nonlinear absorption coefficients for the same parameters as in Fig. W^c) but a 
significantly larger cavity damping rate, k = 2OO7. We observe that the effects are 
qualitatively the same as those predicted for k = IOO7. The Kerr nonlinearity attains 
maximal value at frequencies where the linear and nonlinear absorption are negligible. 
The only difference is in the numerical values of the magnitudes of the real and imaginary 
parts of the susceptibility. 




Figure 5. (a) The Kerr nonlinearity Rex''^^ (solid line), the linear Imx'^' (dotted line) 
and nonlinear Imx'-'^'' (dashed-dotted line) absorption coefficients plotted as a function 
of the probe detuning uj/^ ~ [lOp — loi)/^ for the same parameters as in Fig. [21(c) but 
K = 2OO7. 



5. Summary 

We have studied the linear and nonlinear responses to a weak probe beam of a three- 
level atom coupled to a single-mode cavity and driven by a strong laser field. Working 
in the bad cavity limit, we derived analytical expressions for the linear and nonlinear 
(Kerr) susceptibilities. We have found that the joint effect of quantum interference 
and the Purcell effect can lead to a giant Kerr nonlinearity of the atomic medium 
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accompanied by vanishing absorption. We have shown that the presence of maximal 
quantum interference is crucial for creation of the complete transparency of the atomic 
medium. The role of the significant parameters of the system has been discussed in 
details. We have shown that the creation of a giant Kerr nonlinearity accompanied by 
vanishing absorption can be easily accomplished by a proper setting of the atomic decay 
rates or by a proper adjusting of the cavity field-atom coupling constants. 
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Appendix 

In the appendix we present the analytical iterative solutions for the steady-state values 
of the Fourier harmonics of the density matrix elements involved in the calculation of 
the linear and nonlinear susceptibilities. The (ra, m) harmonics are of the form 

, ,n -o 4(pii)r-i - (p-)r-\] + ^(p-+)"r-i 

= '""^ (r3 + mA,) 



where 



(Fs + mA 



vl 



(r^ + mAp)(r^ + mAp) - Xax^ 

(n + mAp) {s[{p^^r^_\ - (pn)r-\] - c(p-+)rA} 
^ ^ {T\ + inAp){Tl + in/\p) - X2xl 

, ^ (r^ + mAp) [.(pi-)r-i + c(p+i)r-i] 

^^^'^"^ ' " (ri + znAp)(r2 + znAp)-x^X3 

{^[(p++)r-i - (pii)::r-i] + c(p+-)r-\} 

(Fi + mAp)(r2 + mAp) - X2X3 
xa [5(pi-);;-_\ + c(p+i);;t\] 

(Fi + mAp) (Fs + mAp) - a;*X3 

(Fi + znAp) {.[(p++)r-i - (Pii)r-\] + c(p+-)r-i} 
(Fi + mAp) (F2 + mAp) - x\xz 

■n±X TT Ti/n±l 
m-1 ~ -Hl*^>^m-1 



{p^.r^ = - za 

+ iflp 



(Pll)m TJ j_ TJ TJ 

X2lil3 + £12114: 

riirl^ + ri2ri4 



Fi = Fo + ifiij, F2 = F+ - i(A+ - u;2i), F3 = F_ - i(A+ - t^si), 
= + + mAp) + -^^i^ + '"^^"^^ 



F3 + mAp F^ + mAp ' 



H2 = - i?i_) + -^^i^ + ''''''' 



Hs = + Ri_ + mAp 



F3 + mAp F^ + mAp 



F3 + mAp F^ + mAp 



^ ^ S\X2\^ S\X2\^ 

* Fs + mAp F^ + mAp' ^ ^ 
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